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Let K be a commutative field and f :  K--> K a polynomial map. We show that, if the degree 
of f as a polynomial is greater than 1, then the cycle length of f, extended to an algebraic 
closure/~ of K is not bounded. That is to say that, for each positive integer N, one can find an 
integer n, n >I N such that there exist n different elements xl . . . .  , x. of/C with the property: 
f(xi) = xi+l for i, 1 <~ i ~< n - 1 and f (x . )  = xl. 
Introduction 
In 1975 Pollard (el. [2] and [1] pp. 369-371) proposed an algorithm to factorize 
integers known as "Pollard rho algorithm". This algorithm uses the iteration of a 
polynomial function over the ring Z/n7/(n is the number to be factorized). As for 
its iterative properties, the study of this type of function can be reduced to this 
one of a map f :  n:p ~ U:p (Fp = GF(p) is the field with p elements, p prime number) 
for each prime factor p of n. 
Our initial plan was to analyse first the cycles over an algebraic losure ~p of 
~:p, with the aid of some tools from Algebraic Geometry (e.g. Lefschetz Trace 
Formula), and then to go back to D:p by using the action of "Frobenius 
automorphism" (x~--~x p) on the cycles over Fp. Unfortunately, this method seems 
to be hopeless because we show that the cycle lengths are not bounded, and 
moreover that the action of Frobenius is chaotic (sometimes it exchanges two 
cycles, and sometimes it induces an automorphism of a cycle) (see the example at 
the end of this paper). 
1. Cycles of polynomial maps 
Let K be a commutative field. We shall denote by char K its characteristic, by 
K* its multiplicative group and by k an algebraic losure. Let f :  K---~ K be a map, 
n be a positive integer and Xx , . . . ,  x, be n distinct elements of K. We say that 
(Xl, • • . ,  x,) is a cycle of f (or a f-cycle) of length n if we have f (x i )  = Xi+l for 
each integer i, 1 ~< i ~< n - 1 and f(x,,) = Xl. 
Let P(X) be a polynomial belonging to the ring K[X] and n a natural integer. 
We note P°'(X) the nth iterated polynomial of P(X). We put P°°(X) = X. Deg P 
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or deg P(X) is the degree of this polynomial. P'(X) is the formal derivative of 
P(X). For n I> 0 we have 
deg pon = (deg p)n. 
First it is easy to show the two following propositions in which K is supposed to 
be algebraically closed. 
Proposition 1. Let f : K---~ K be the map given by x ~ ax + b, a • K* - {1}, b • K. 
Then we have: 
(i) f has a cycle of length l : ( -b / (a -  1)); 
(ii) ira is not a root of unity in K, f has no cycle on K - { -b / (a  - 1)}; 
(iii) ira is a nth primitive root of unity, every element of K -  { -b / (a  - 1)} is in 
a f-cycle of length n. 
Proposition 2. Let f : K---~K be a map defined by x~x + b, b e K*. Then we 
have: 
(i) if char K = p > 0, every element of K is in a f-cycle of length p; 
(ii) if char K = O, f has no cycle on K. 
Remark. It is obvious that every element of K is by oneself a cycle of the identity 
map: x ~ x. 
Let be given, for the sequel, a polynomial of degree d, f (X)  = E~=0 ajX j, with 
coefficients in a commutative field K. In the ring K[X, Y], we have: 
f (Y )  - f (X )  = (Y -  X)](X, Y), 
j-1 where ](X, Y) = E~=a j Ei=oXiY j-l-i is a polynomial of total degree d - 1. In 
particular: 
f (X ,X)=f ' (X ) .  (1) 
Let n be a positive integer, we have, in the ring K[X]: 
yo . (x )  - fo<- -a>(x)  = _ f f fo<- -2 ) (x ) )  
= (f°(n-1)(X) -F(n-2)(X))f( f°(n-1)(X),  f°(n--2)(X))" 
So, by induction on n, we see easily that: 




h.(X) = I-I f(f°J(X), f°(J-a)(X)) for n I> 2. 
j=l  
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By summing up these equalities, one gets, always in K[X]" 
r " (x )  - x =  f(x) - X )g . (X) ,  
where g,(X)  = 27,=1 hm(X). 
Example. Let be f (X )  = X 2 + d, where d e K. Then we have: 
g2(X) = X 2 + X + d + 1 
g3(X) = X 6 + X 5 + (3d + 1)X 4 + (3d 2 + 3d + 1)X 2 + (d E + 2d + 1)X 
+ d 3 + 2d 2 + d + 1. 
We shall now consider f as a map K---~ K. 
Lemma 1, I f  ~ ~ K is a fixed point o f f ,  then, for n >>- 1, 
= 1 
Proof. If f (~)= ~, by (2) and (1) one has hm(~)=f,(~)m--1 for each integer m, 
l <~m<~n. [] 
We list the following corollary of this lemma which may seem surprising. 
Corollary. Let ~ be a root o f f (X )  - X with multiplicity m > 1. Let n be a positive 
integer and m' be the multiplicity of  ~ as a root of  f°"(X) - X. Then we have: 
(i) m' = m if char K = 0 or if char K is positive and relatively prime to n; that is 
to say that ~ is not a root of  g, (X) with our previous notation. 
(ii) m' > m if char K = p ~ 0 and if p divides n. 
Proof. ~ is a root of the derivative (f(X) - X)'. So f ' (~) = 1, and by the Lemma 
1, g,,(~)=n. [] 
Proposition 3. Suppose K is algebraically closed and degf/> 2. Let t be a prime 
number, different from the characteristic of  K if this characteristic is p ~ O, and 
different from the multiplicative orders of  the roots of  unity u ~ 1 of  the form 
u =f ' (~)  with f (~)  = ~. 
Then f has a cycle of length t in K. 
Proof. One has f~'(X) - X = ( f (X)  - X)gt(X) and degfO'(X) = (degf (X) ) '>  
degf(X) because degf(X) >I 2. Therefore deg gt(X) > 1. Let ~ be a root of g,(X) 
in K. If f(~) = ~ then, by Lemma 1, 
O- l+f ' (~)+. . .+f ' (~) ' - l ;  
so f ' (~) '  = 1; by assumption this implies that f ' (~)= 1, and the equality above 
reads 0 = t; contradiction! 
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Therefore f(~) 4: ~, and ~ is in a cycle of length t because t is prime; indeed ~ is 
not a fixed point of f and it must be in a cycle of f, the length of which divides 
t. [] 
Remark (suggested by Paul Camion). Let s • N and let f (X)  • ~p[X] with p prime. 
Let t >I pS be such as in the Proposition 3. Then every irreductible factor of gt(X) 
is of degree at least s. 
Indeed let d the degree of an irreductible factor h(X) of gt(X), each root of 
H(X) is in a cycle of length t of f. This cycle is contained in U:pd and pa >I t >~pS 
proving our assertion. 
2. Finite fields and Frobenius automorphism 
Let p be a prime number and q = p~, where n is a positive integer. We shall 
note ~q--GF(q)  the field with q elements. It is well known that every map 
~2q _.~ ~q has a polynomial form of degree less than q. 
Each map f :  Fq---~ ~2q can be represented by a directed graph G(f) having ~q as 
set of vertices and {(x, f(x)), x • g:q} as set of arcs. In an obvious way, we can 
define an automorphism of this graph: it is a bijective map ~2q.....~g2q which 
commutes with f. The set of these automorphisms is a group under the 
composition law. 
Let for example f:~q'--> ~q be a map such that f (X )•  Fp[X]. The Fronbenius 
automorphism tr: x ~ x ~' on Fq (which generates the Galois group of the extension 
~:p ~ ~:q) is an automorphism of the graph G( f ) ;  this expresses the fact that 
f o tr(x) = tro f(x) for every x • ~:q. 
Let us look at an example. Let UZq be the field with 49 = 72 elements. We can 
write 
~7[x] 
~:49 = (X 2 + 1) 
and we put tr = class of X in the factor ring. The graph of 
f :  U:49 ~ ~:49 
x ~--~x2 + 3 
can be represented by the following figure (the double arrow from 0 to 3 means 
that 3 is the final vertex of only one arc). 
The extension of f from F7 to F49 brings four new f-cycles. Every cycle is 
globally invariant by the Frobenius automorphism t r :x~- -~x  7 except (a~ + 4) and 
(6a~+4) which are exchanged. Indeed we have a~ 7= (a,2)atr = -a~=6tr  and 
tr 49 = a:. So we see on the figure how the Frobenius automorphism acts on the 
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a+6 6(I+6 
6a+I  ) 5a+3 2a+3 ~ a+l  
\ / 
2a+2 ) 2a+l 5(~+I ~ 5a+4 ",, / 
5a+6 • 4(X 3(X ~ 2(X+6 
",,,, / 
1 




30t+2 ~+2 t40.+/-I. 
4~+5 > 5~!5 2a+! . 3(x+5 LI4~! 3 
i t '[ 
6(1+4 a+g 30L+g 
0 0 
Fig. 1. 
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graph of fi For instance, o exchanges: 
4tr and 3ct, 2o~+1 and 5t r+ l ,  
5re+6 and 2re+6, 2 t r+4 and 5re+4, etc. 
Notice that we can find maps with cycles of length greater than 1 which are not 
globally invariant by the Frobenius automorphism. 
Remark. Let n be a prime number and f :  U:q---> I:q be a map: f has not necessarily 
a cycle of length n when it is extended to an algebraic losure Fq of 0:q. 
For instance let p be an odd prime number, then 2 and 4 are invertible in 0:p, 
we note ½ and -~ their respective inverses. Let us consider the map f :x  ,--~x 2 -  a4. 
Then 
f (X )  - X = X z - X -  ~4 = (X  + ½)(X-  3) 
and 
F2(x )  - x = ( f (x )  - x ) (x  + ½)2. 
So, in an algebraic losure of g:~,, f has no cycle of length 2 because very root of 
f°2(X) -X  is a fixed point of f. 
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